+ 2 system are calculated for various configurations. A classical trajectory Monte Carlo calculation is carried out for the collisions on the adiabatic PES. It is found that the dissociative dynamics plays a critical role in protonium formation, and consequently the molecular target is much more effective in protonium formation than the atomic-hydrogen target.
Introduction
Recently, attention has been attracted to the study of antiprotonic atoms by virtue of the development of a low-energy antiproton (p) source at CERN [1] [2] [3] . So far, much progress has been made in the production and observation of antiprotonic helium (ep He 2+ ) and antihydrogen (H = e +p ) [4] [5] [6] [7] . It has been possible to perform high-resolution spectroscopy of these atoms. Another antiprotonic atom of great interest is antiprotonic hydrogen, also called protonium (pp), which is a peculiar system composed of a proton and its antiparticle. Experimental efforts are now going into producing protonium atoms. It is hence highly desirable also to develop a theoretical study of the formation process of protonium atoms.
The protonium formation has been investigated mainly for collisions of antiprotons with hydrogen atoms, i.e.,p + H →pp + e [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . In this system, the protonium formation channel becomes appreciable only at relative collision energies below the ionization threshold I H = 13.6 eV. The emitted electron is too light for efficient momentum transfer from the incident antiproton for the latter to be captured by the proton. Therefore, when the energy is above I H , the break-up ionizationp + H →p + p + e becomes the predominant reaction channel. If the target is a molecule, the incident antiproton with an energy not necessarily below the ionization threshold can easily transfer its momentum to the nuclear motion and can combine with, for example, a proton. In other words, a molecular process such as vibrational/rotational excitation can play an important role in leading to the protonium formation even above I H . This will provide us with quite an advantageous circumstance for the experimental studies because antiproton deceleration is normally difficult. However, if a rigorous theoretical study is to be performed for protonium formation in collisions with molecules, a tremendous numerical computation would be required. Thus, the only theoretical treatment of such collisions to date appears to be that of thep + H 2 or D 2 system by Cohen [18, 19] , using fermion molecular dynamics (FMD). The protonium formation in this system was found to be indeed possible at energies higher than 13.6 eV. In the FMD method, not only the heavy particles but also the electrons were described by classical mechanics, but some quantum correction was taken into account for the electronic motion.
In the present study, we focus on the process
at relative collision energies up to 100 eV. Although this process is very similar to the dissociative recombination e + H + 2 → H + H, the reaction dynamics are quite different from each other. We also consider the competing dissociation process
which is important in the present energy range. When the target is a neutral H atom, electronically bound states disappear for a close approach of an antiproton [20] , and the electron emission is crucially important in protonium formation. For a positive ion target such as the present system, however, electrons can always be tightly bound, and moreover the electronic excitation was found to be negligible in slow collisions [21] [22] [23] . Therefore, the adiabatic (Born-Oppenheimer) approximation was very useful in the study of the moleculelike structure in antiprotonic helium, i.e., thep + He + system [24] [25] [26] . The accuracy of the adiabatic approximation forp + H + 2 collisions at energies 1 keV has been confirmed by the present author [27, 28] , assuming a collinear configuration for the three heavy particles (p, p, p), but accurately describing the electronic motion during the collision by quantum mechanics. In the adiabatic approximation, the present four-body (p, p, p, e) problem can be treated as three-body (p, p, H) collisions on a single adiabatic potential energy surface (PES), as in the case of chemical reactions. As a result, a tractable calculation of low-energyp + H + 2 collisions will be possible with reasonable accuracy.
We carry out the calculation of the reactions (1) and (2) on the adiabatic PES by using a classical trajectory Monte Carlo (CTMC) method. Although the classical treatment may not be appropriate for low-energy collisions or low vibrational or rotational states of molecules, the CTMC calculation is expected to be useful in our gaining at least a qualitative understanding of the reaction mechanism.
In section 2, we calculate the adiabatic PES of thep + H + 2 system for use in the collision calculation. We adopt direct numerical solution for a quantum mechanical eigenvalue problem of the electronic motion. A numerical method of the CTMC calculation for the reactions (1) and (2) is described in section 3. Knowledge of the state distribution of the protonium atoms produced in the collisions is absolutely necessary in our performing the spectroscopic measurements. In section 4, the reaction cross sections, the impact parameter dependence of the reaction probabilities, and the state distribution of protonium atoms, obtained by the CTMC calculation, are reported for the target molecule in the vibrational and rotational ground state. The results of the reaction cross sections for the excited states are reported in section 5.
Adiabatic potential energy surface

Schrödinger equation
We consider the calculation of the adiabatic PES of thep + H + 2 system. The adiabatic state is quantum mechanically obtained by the diagonalization of the electronic part of the Hamiltonian for each fixed configuration of three heavy particlesp, p and p. As shown in figure 1 , the positions of the three heavy particles are described in Jacobi coordinates (R, r), and let s 1 , s 2 , and s 3 be the distances of the electron measured from the three heavy particles. Then, the Schrödinger equation for the electronic motion is given bỹ
The electronic energy (R, r, γ ) is a function of R, r and the angle γ between R and r. Here and in the following, atomic units are used unless otherwise stated. To describe the electron position, we introduce the coordinates (ξ, η, φ), which are similar to spheroidal coordinates [28] [29] [30] [31] , and are defined by
and φ being the angle around the internuclear axis r. Although these coordinates are appropriate to a two-centre Coulomb problem such as an isolated H + 2 molecule, they are useful also in the present case because the interaction between the electron and the antiproton is repulsive [28] . Using (ξ, η, φ), we can express the HamiltonianH e as
where
If the antiproton is kept far away (R → ∞), the Schrödinger equation (3) becomes separable with respect to the three variables ξ, η and φ [29] . However, the separable solution is inapplicable at R < ∞ because of the interaction 1/s 3 . Putting further
(3) becomes
wherẽ
Numerical method
For the eigenvalue problem (10), we use direct numerical solution based on a discrete-variablerepresentation (DVR) technique [32, 33] , which has been already applied to the collision calculations of thep + H [14, 15] and collinearp + H + 2 [27, 28] systems. We construct a grid of points (ξ i , η j , φ k ) in the configuration space, and directly determine the wavefunction ψ on these grid points. Since the η part of the operatorT is identical to the differential operator for the Legendre polynomials, the zero points η j (j = 1, 2, . . . , M) of the Legendre polynomial P M (η) are chosen to be the η grid points. To take account of the singularity −1/4ξ 2 at ξ → 0 in the operatorT , the grid points ξ i (i = 1, 2, . . . , N) are chosen as the zero points of the generalized Laguerre polynomial L (α=1) N (ξ ) [33] . When ξ is defined by (5), we only need to consider small ξ because the electron is always localized near the protons. For this reason, we can set a cut-off at ξ = ξ c to carry out calculations with a smaller number of the grid points, i.e., i = 1, 2, . . . , N c < N, where ξ N c ξ c [28] . Since the φ coordinate is periodic in the interval (0, 2π), the Chebyshev polynomials, which are the eigenfunctions corresponding to the magnetic quantum number, can be used: i.e., φ k = 2πk/(2L + 1) (k = 1, 2, . . . , 2L + 1) [34] .
In the DVR method, the eigenfunction ψ is expanded as
in terms of the DVR basic functions 
N (ξ ), ω j that of P M (η), and ω k = 2π/(2L + 1). The coefficients ψ ij k are defined by
Then, from (10) we can obtain linear algebraic equations for ψ ij k : i.e.,
is the coupling matrix element [32] [33] [34] .
Potential energy surface
The PES for the three-body system (p, p, H) is given by
is the total Coulomb potential among the antiproton and the two protons.
In the calculation of the electronic state, we chose N = 150, M = 10, and 2L + 1 = 5. The cut-off was taken to be ξ c = 10 au, which gave N c = 25. The choice L = 2 corresponds to the inclusion of the , and electronic states of the H + 2 molecule. When R = ∞, accurate numerical values can be obtained by series expansion of the separable solution [30, 31] . In table 1, the electronic energies obtained for R = ∞ in the present numerical method are compared with the accurate values. The present choice of the numerical parameters yields the energies with absolute errors of 0.01 au, and was found to maintain the same accuracy also for finite R. The relative values of energies could be obtained with higher accuracy, which is sufficient for the purpose of the collision calculation; for examples, the present PES gives the zero-point energy 0.140 eV and the dissociation energy for the ground vibrational state D = 2.56 eV.
In the collision calculations, the electronic energies must be known for various configurations of the total system. The electronic energies (R, r, γ ) were calculated at 50 × 50 × 12 points in the region (0 R 30 au, 0 r 30 au, 0 γ π/2), and interpolation between these points was made for other points by using quadratic polynomials. Figure 2 shows the surface plot of the potential (20) , where the internuclear separation is fixed (r = 2 au). Two infinitely deep wells exist due to the Coulomb singularity. Figure 3 shows the contour map of the potential (20) , where the antiproton position is fixed to R = 10, 2 and 1 au. When R = 10 au (the left panel), the potential is mostly isotropic with respect to the molecular orientation, and the molecule seems to be still stable. When R = 2 or 1 au (the middle or right panel), a drastic change is observed in the potential feature particularly around the collinear configuration, in which the binding force disappears between the two protons.
Classical trajectory Monte Carlo method
Equations of motion
We solve the equations of motion in the Cartesian coordinates R = (X, Y, Z) and r = (x, y, z), i.e.,
where t is the time, µ the reduced mass of the systemp + H + 2 , and m that of p + H. We may assume that m is identical with the reduced mass of thep + p system for practical purposes. The derivatives of the potential are given by the relations,
Initial conditions
Introducing the impact parameter b and the centre-of-mass collision energy E, we can give the initial condition of the relative motion, R 0 = R(t = 0) and P 0 = P(t = 0), by
where ρ = R(t = 0) is the initial separation. For the molecule, the initial condition r 0 = r(t = 0) is given by
where (θ, χ ) is the initial orientation of the molecular axis. We can locate r 0 at the inner tuning point r < of the vibrational motion by taking ρ as [35] 
where R 0 is some sufficiently large value (=120 au), τ the vibrational period, and δ the vibrational action angle when R first becomes equal to R 0 along the trajectory. Then, the initial momentum p 0 = p(t = 0) can be given by
where j c is the initial angular momentum of the molecular rotation, and the angle ζ indicates the direction of the angular momentum vector [35] . In the present study, the molecule is assumed to initially have the quantum mechanical energy of the vibrational and rotational quantum numbers (v, j ). The classical angular momentum may be given by j 2 c = j (j + 1) [35] . For the (v, j ) = (0, 0) state, we have r < = 1.73 au and τ = 622 au.
Trajectory
The equations of motion (22)- (25) were solved by a fourth-order Runge-Kutta method. The derivatives of the PES in (26) and (27) , ∂V /∂R, ∂V /∂r and ∂V /∂γ , were evaluated numerically.
In figure 4 , we illustrate two typical examples of trajectories at E > D, each of which reveals an event of dissociation or protonium formation. In both cases, the same feature can be observed in the primary encounter of the incident antiproton with a proton: i.e., the antiproton first attracts one of the protons, and then detaches it from the remaining proton. The adiabatic picture says that the electron should be bound by the ejected proton; namely, an isolated hydrogen atom is produced. The energy or momentum transfer in the primary encounter may be very effective due to the same mass of the proton and the antiproton. When the energy loss of the incident antiproton is sufficient in the primary encounter (the lower panel), the antiproton is captured by the remaining proton (protonium formation). On the other hand, when the energy loss is insufficient (the upper panel), the antiproton escapes from the protons (molecular dissociation). In either event, the inspection of the trajectories reveals that the dissociative dynamics plays a decisive role.
A more complicated trajectory can be observed at very low energies (E < D), and its example is illustrated in figure 5 . The trajectory feature is very similar to that for the dissociation event shown in figure 4 until the secondary encounter occurs with a proton. However, the dissociation channel is forbidden at this energy, and consequently the antiproton is to be captured by the primarily ejected proton.
Random sampling of initial conditions
We define the following quantities that are distributed uniformly in the interval (0, 1) [35] : 
where b max is given such that no reaction occurs at b > b max , and θ ∈ (0, π/2) for homonuclear diatomic molecules. If N tot trajectories are run for randomly selected initial values (β 1 , β 2 , β 3 , β 4 , β 5 ), and Np p,diss is the number of trajectories in which a protonium formation/dissociation event occurs, then the cross sections for protonium formation (σp p ) and for dissociation (σ diss ) are given by In the calculation of the cross sections, 50 000 trajectories were run, and the maximum values b max = 3-10 au were chosen to cover the energy range E = 2-80 eV.
When the reaction probability is required for each impact parameter b, selecting a set of random numbers for (β 2 , β 3 , β 4 , β 5 ), we obtain the probabilities by
In this calculation, 500 or 1000 trajectories were run for each b.
Final state analysis
If the protonium atom is produced, we calculate the classical protonium angular momentum l c and the classical protonium energy
which gives the classical principal number n c as
From the classical quantities (n c , l c ), the associated quantum numbers (n, l) that are integer may be identified by the relations [36, 37] (n − 1) n − 
By specifying the quantum numbers (n, l), we count the number of trajectories for the formation of protonium atoms belonging to the state (n, l). Then, we can obtain the (n, l)-specified partial cross section σp p (n, l) in the same way as (45), and further define the partial cross sections by σp p (n) = l σp p (n, l) and σp p (l) = n σp p (n, l).
Results of the collision calculation for the vibrational and rotational ground state
Cross section
The results of the cross sections for protonium formation and dissociation calculated by the CTMC method for the molecule initially in the (v, j ) = (0, 0) state are given in table 2, and graphically presented in figure 6 , where the error bars due to the statistical standard deviation are not shown because they are sufficiently small. The cross section for protonium formation shows a monotonically decreasing function of the energy, and is appreciable at energies below E 40 eV, while the dissociation occurs over a wide range of energies above E = D. In figure 7 , the present cross section of protonium formation is compared with the results for other types of targets: the H 2 data are the FMD calculation by Cohen [18] , and the H data are taken from a quantum mechanical study [15] . For the molecular (H + 2 and H 2 ) targets, figure 7 shows much larger cross sections than for the atomic target and very efficient protonium formation even at high energies (E 13.6 eV). The cross sections increase rapidly as E → 0 for all the three types of targets. These low-energy behaviours originate in the polarization potential for the neutral (H and H 2 ) targets and the attractive Coulomb potential for the ionic H large separations, the H + 2 cross section is the largest at low energies (E < 15 eV). In contrast to the low-energy case, the cross section for E > 15 eV becomes larger for the H 2 target than for the H + 2 . Cohen [18] found the protonium formation for the H 2 target to be accompanied by ionization (i.e.,p + H 2 →pp + H + e), which contributes to an extra energy loss larger than the ionization potential I H = 13. between the H 2 and H + 2 targets. However, since the theoretical approaches for the two targets are not based on the same footing, a further study is desired to clarify differences.
Impact parameter dependence
The impact parameter dependence is shown for the probabilities of protonium formation and dissociation in figure 8 . The contribution of large impact parameters becomes more important in both reactions as the energy decreases. For E < 10 eV, the probability of protonium formation is mostly one when the impact parameter is small, and accordingly the dissociation is possible rather at large impact parameters. The protonium formation occurs more efficiently at low energies in the present system than inp + H (the probability is 0.9 [15] ). When the energy is high (E 10 eV), the largest probability of protonium formation is less than one, and the impact parameter dependence becomes more complicated. This is because the dissociation becomes important even at small impact parameters.
The total reaction probability calculated by P tot = Pp p + P diss is also included in figure 8 , and is found to be a monotonic smooth function of the impact parameter for all the energies. Let b c be the critical impact parameter where P tot = 0.5. When b b c , the collisions are always reactive, and protonium formation and dissociation exhibit a striking contrast to each other. Evidently, the two channels are strongly competitive in the present system. If a reactive range R = R r can be defined for the total reaction, the critical impact parameter may be given by b c = R 2 r + R r /E obtained for the pure Coulomb potential. Taking b c 6.7 au for E = 2 eV from figure 8, we have R r 2.7 au, from which other values of b c can be estimated for E < 10 eV. As seen in table 3, σ c = πb 2 c = π R 2 r + R r /E roughly approximates the total reaction cross section σ tot = σp p + σ diss at low energies. From the energy dependence of σ c , the cross section for protonium formation is expected to behave as ∼E −1 at very low energies. This peculiar energy dependence comes from the Coulomb attractive force.
Partial cross section
The partial cross sections σp p (n) are shown for low energies (E 10 eV) in figure 9 and for high energies (E 10 eV) in figure 10 . The n distributions have the maximum peak at n = n max 34 and the lower limit at n = n lower 23 . The values of n max and n lower increase only slightly with energy (n max = 33-36 and n lower = 22-25 for E = 2-30 eV). An n −3 dependence, as was found inp + H 2 collisions [18] , is also observed for n > n max . If there is no collision energy loss or gain in protonium formation, the equation m/(2n 2 ) = D obtained from energy conservation gives the state n 70, much higher than n max . This means that most of the protonium formation events are exothermic.
When the incident antiproton approaches the molecular ion up to a distance R from infinity, the Coulomb potential raises the kinetic energy by 1/R. Because of the mass matching between the proton and the antiproton, the effective collision energy E + 1/R may be entirely received by the ejected H atom. This assumption leads to the equation m/(2n 2 ) = D + 1/R. Putting for example R = R r 2.7 au, we have the value n 31, which is close to n max . If the Coulomb force were absent, the value of n max may have been much larger. Forp + H 2 collisions (at E = 5.44 eV), however, the FMD calculation [18] gives n max 26 (and n lower 16), smaller than the present result. In the case of the H 2 target, the large energy loss due to ionization must be an important kinematic factor in the protonium formation. The assumption that the collision energy minus the ionization potential is entirely converted to the kinetic energy of the ejected H atom leads to the equation m/(2n
where D H 2 = 4.48 eV is the dissociation energy of the H 2 molecule. Then, the value n 26 is obtained, and is just equal to n max found in the FMD calculation.
Inp + H collisions, the n distributions have the maximum peak at n √ m/[2(I H − E)] [13, 37] , which shows a clear energy dependence. On the other hand, the value of n max in the present system is nearly independent of the energy. The n distribution for the molecular target is seen to be much broader than that for the H atom target except at E I H . These facts are clearly due to the difference in the mechanism of protonium formation between the molecular and atomic targets.
The l distributions σp p (l) are shown in figures 11 and 12. The maximum position in the distribution moves towards higher l as the energy increases. The distribution has a single peak for high energies (E > 5 eV), and has a bimodal structure for low energies (E 5 eV). To explain the origin of the bimodal structure, we look at the n or l distributions at E = 5 eV, shown in figure 13 , for three impact parameters b = 1, 3 and 4 au. The protonium atoms in high l ∼ 40, n > 40 states are found to be produced preferably in collisions with large impact parameters (b = 4 au), which are close to b c . Furthermore, as seen in figure 8 , the dissociation also occurs mainly for b ∼ b c at low energies. Therefore, we can conclude that the protonium atoms in highly excited or continuum states are produced selectively in collisions with b ∼ b c when the energy is low. As the energy increases, the closest distance of the collision pair becomes larger, and accordingly the protonium formation would hardly occur for the large impact parameters b ∼ b c . For this reason, the peak at the higher l is considered to disappear in σp p (l) for high energies. Inp + H 2 collisions, a bimodal structure or a high l distribution is essentially missing [18, 19] . This is naturally understood because collisions with large impact parameters (b ∼ b c ) can never contribute to reaction in the absence of the Coulomb force. Figure 14 shows the l distribution for several specified n states. As n increases, the distribution likely reflects the statistical weight (∝2l + 1). This result together with the n dependence for n > n max seen in figure 10 leads to the conclusion that the (n, l) distribution is simply proportional to (2l + 1)/n 3 for n > n max . Inp + H collisions, the l distribution is always proportional to 2l + 1 except for very high l [13, 18] . The process of angular momentum transfer is very simple for the atomic target because the incident relative angular momentum is mostly converted to the protonium angular momentum [15] . For the molecular target, since angular momentum transfer is strongly controlled by nuclear dynamics, the l distribution generally becomes more complicated.
Results of the collision calculation for vibrationally or rotationally excited states
The protonium formation may be expected to be promoted when the molecule is in vibrationally or rotationally excited states. Here, we briefly mention the results of CTMC calculation for the excited states. The cross sections for protonium formation and dissociation are plotted against the internal (vibrational or rotational) energy of the molecule for E = 5 eV in figure 15 and for E = 20 eV in figure 16 . From these figures, an increase in the vibrational energy is a little more efficient than an increase in the rotational energy for the promotion of dissociation. A similar result was also reported in previous CTMC studies of collision-induced dissociation in the H, He, Ar + H 2 systems [38, 39] . Figures 15 and 16 show that the cross section for protonium formation depends on only the amount of internal energy regardless of the type of internal motion. An excess internal energy promotes both protonium formation and dissociation for the low energy (E = 5 eV), but produces only a small (and rather inhibiting) effect on protonium formation for the high energy (E = 20 eV). 
E
10 eV. On the other hand, the dissociation would be able to occur in a wider range of collision energies as the internal energy becomes close to the dissociation limit.
Summary and remarks
We have made a CTMC calculation for protonium formation inp + H + 2 collisions using the adiabatic PES. It has been found that the dynamics of molecular dissociation plays an important role in protonium formation. The formation mechanism is quite different from that for the H atom target, and the protonium formation occurs appreciably even at high energies (E 13.6 eV), as was reported in the FMD study by Cohen [18, 19] . The present system is characterized by an attractive Coulomb interaction, which has been found to cause the remarkable features in the formation process at low energies: protonium atoms in very high l states can be produced (the bimodal structure in the l distribution); and the cross section is proportional to E −1 for E → 0. For the promotion of protonium formation at high energies, an energy loss of the incident antiproton is certainly important, but an excess internal energy of the molecule is definitely not. Thus, if the molecular target had a larger dissociation (or ionization if possible) energy, the protonium formation would be more efficient at high energies.
A complete quantum mechanical calculation was already carried out forp + H collisions [15] . It is hence desirable to carry out such a calculation also forp + H + 2 collisions on the adiabatic PES. However, the participation of a huge number of highly excited protonium states in collisions makes an accurate calculation troublesome, and the situation becomes worse for thep + H + 2 system because the three particles are all heavy. Furthermore, we have some problem in doing a quantum mechanical calculation when the dissociation channel becomes open. It is not certainly resolved to impose the scattering boundary condition in the case that both channels of rearrangement reaction and dissociation exist together [40] . At the present time, the CTMC method would be the most useful in our getting the collision data or an insight into the reaction dynamics forp + H + 2 collisions. When the energy becomes high, a protonium formation channel,p + H + 2 → (p + H) + p →pp + p + e, may be non-negligible. This reaction is a non-adiabatic process, and can never be considered in the present calculation. Since this channel has an energy loss due to ionization, it may become an important formation process of protonium atoms at high energies. However, the non-adiabatic process is significant only at very high energies E 1 keV [27, 28] , where the rearrangement reaction no longer occurs. In the present system, the ionization may be able to occur also by Auger decay of the collision intermediate, i.e., p + H + 2 → p + H + 2 → (pp + p) + e. However, since the Auger lifetime is much longer than the collision time [26] , this channel is actually negligible in the collision process.
It is very important to study the protonium formation inp + H 2 collisions. The existence of an electronically bound state of the hydrogen negative ion H − could allow an adiabatic reaction pathp + H 2 →pp + H − on the adiabatic PES if the motion of the heavy particles were extremely slow throughout the collision. In fact, the very small electron affinity (0.754 eV) of the hydrogen atom deteriorates the adiabatic approximation. Indeed, the FMD study [18] revealed that the main formation channel isp + H 2 →pp + H + e. For the description of p + H 2 collisions, the non-adiabatic process must be accurately taken into account.
